Abstract. Stable and accurate interface conditions are derived for the linear advection-diffusion equation. The conditions are functionally independent of the spatial order of accuracy and rely only on the form of the discrete operator. We focus on high-order finite-difference operators that satisfy the summation-by-parts (SBP) property. We prove that stability is a natural consequence of the SBP operators used in conjunction with the new boundary conditions. In addition, we show that the interface treatments are conservative. 
is broken into the union of piecewise smooth subdomains. Each subdomain is discretized with a stable formulation, and the resulting multiple domains are patched together globally. This technique has been successfully used by Kopriva [1] , and more recently by Hesthaven and Gottlieb [2] .
The approach for designing interface conditions developed in this work is equally valid for the unstructured and semi-structured approaches in multiple spatial dimensions. The interface conditions are determined entirely by accurate left and right state data along the interface, and do not depend on the source of the data. For simplicity, however, we focus on the interface matching conditions necessary to maintain stability and accuracy in one spatial dimension. We demonstrate the technique for both spectral and high-order formulations.
In section 2, we define and describe semidiscrete operators that satisfy the SBP convention. In section 3, we introduce new interface boundary conditions for multiple domains. In section 4, we show that the new conditions are conservative across interfaces. In section 5, we consider specific examples of the stability and accuracy of finite-difference schemes. In section 6, we present the conclusions. Finally, in the appendix we present the stencils used for fourth-and sixth-order finite-difference schemes.
2. Spatial Discretizations. The stable interface conditions presented in this work are valid for spatial discretizations of arbitrary accuracy. To achieve this generality, the spatial discretizations must be of a specific form. Fortunately, most numerical schemes can be put into the required form with only minor modifications. To be more precise we consider discrete spatial derivative operators with the following properties:
2.1. First-derivative properties.
1. The first derivative operator defining the numerical derivative u x =[( ∂u ∂x ) 0 , ..., ( ∆x is defined as the maximum distance between any two neighboring grid points.
2. The matrix P is symmetric and positive definite (∆x)p I ≤ P ≤ (∆x)q I where p and q are independent of N with p>0a n dq>0. A spatial operator in the form of equation (2.1), which satisfies properties 1 through 3, is referred to as an SBP operator [3] . All SBP operators automatically lead to an energy estimate for periodic solutions to the linear advection-diffusion equation. In the finite-domain case, an energy estimate exists when an SBP operator is combined with specific boundary treatments.
Discretization operators that satisfy the SBP framework are remarkably general. Kreiss and Scherer [3] first suggested the use of SBP spatial operators in the context of second-order central-difference schemes.
In Olsson [4] [5] [6] and Strand [7] , high order finite difference operators are constructed based on spatial operators of SBP type. These resulting schemes are strictly stable which means that the growth rate of the analytic and semi-discrete solution is identical.
The precise properties of the matrices P and Q provide a constructive means of formulating boundary closures. A discretization begins with a parameterization of several points near the boundary of the required accuracy. The parameters are then adjusted so that they match the precise requirements of the P and Q matrices. Strand [8] used the SBP approach to construct stable fourth-and sixth-order central-differencing schemes with boundary closures of the appropriate order. Carpenter, Gottlieb, and Abarbanel [9] extended the SBP formalism to compact implicit operators (fourth-order Pade' operators); Carpenter and Gottlieb [10] showed that spectral formulations (Galerkin and collocation) can be cased in the SBP framework. Finally, Carpenter and Otto [11] showed that the SBP schemes have a natural interface property, and they used this property to derive a class of multiple-domain schemes referred to as "cyclo-difference" schemes. (The earlier work [11] required strong imposition of interface data, whereas the present formulation requires only weak imposition).
The SBP schemes naturally arise with centered approximations, for which the spatial operator is skew symmetric. A more general class of schemes could be formulated in the form
where the matrix T is symmetric negative definite. The general formulation includes the entire class of central and upwind schemes. The upwind schemes are automatically stable and accurate because they are obtained by adding a symmetric high-order diffusion operator to a stable and accurate SBP formulation. We focus, therefore, on the original SBP definition which includes central, compact, and spectral formulations.
An approach similar to that used on the first-derivative operator can be used for the second-derivative operator. For example, one can seek two positive-definite matrices L and R such that
An obvious choice is to take L = P and R = QP −1 Q so that the second-derivative operator is obtained by repeated differentiation with the first-derivative operator. For spectral discretizations, this process of differentiation is a natural consequence of the polynomial-based discretization technique. This same assumption for finite-difference techniques is acceptable but less desirable than other, more compact formulations. A second derivative formed from two first-derivative operators is unnecessarily wide and inaccurate and can lead to odd-even mode decoupling. For this reason, we seek a second-derivative operator with the following properties:
2.2. Second-derivative properties.
1. The second-derivative operator that defines u xx is
where the diagonal matrix D has the form
The matrix M is positive definite: (∆x) m I ≤ M ≤ (∆x) n I ,w h e r em and n are independent of N with m>0a n dn>0. 3. The matrix S is of the form
where
The matrix S is the identity matrix (scaled by the grid spacing) where a discrete representation of the first derivative replaces the first and last rows.
4. The matrix P is that used in the first-derivative operator. Explicit forms of the matrices S and M are given in the appendix for a second-order explicit discretization. In addition, the matrix S is presented up to sixth order.
3. Interface Boundary Conditions for Multiple Domains. Consider the linear advection-diffusion equation
Suppose that the equation is discretized by a multi-domain technique such that the interval is divided arbitrarily into two subintervals −1 ≤ x ≤ x i and x i ≤ x ≤ 1. On each subinterval, a discretization is used that satisfies the SBP properties 1 through 3. We propose implementing the interface boundary conditions by using a penalty treatment of the form
where u is a vector of length
T defined in the left domain at the points
T is defined at the points
The second-derivative matrices P .2) we have ignored the physical boundary conditions at x =1andx = −1 for the sake of simplicity. ) THEOREM 3.1. Consider the scheme (3.2) for the advection-diffusion equation (3.1) . If the matrices P l , Q l ,P r , Q r , R L and R r satisfy the first and second derivative properties of section 2 and
In the proof which follows, we have without loss of generality considered only the interface terms, and ignored the terms that arise at the physical boundaries. We assume that the physical boundary conditions are implemented by stable and accurate numerical procedures. (See Hesthaven and Gottlieb [2] for a possible implementation).
PROOF: The proof is based on a simple energy estimate. By premultiplying the equations by the vectors u T and v T , respectively, and adding we obtain
where ||u||
The second-derivative properties of section 2 lead to
where the constants α l and α r are positive.
By using the first-derivative properties of section 2 and equations (3.4) and (3.5) and neglecting the physical boundary terms leads to
, and the boundary matrix B defined by
Straightforward (though tedious) algebra shows that conditions We have shown that the linking of two domains at an interface with the interface conditions prescribed in Theorem 3.1 is stable in a semidiscrete sense for specific values of the penalty parameters σ 1 through σ 4 .
The basic methodology can be extended to an arbitrary number of subdomains without complication. The only constraint is that the numerical method must satisfy the SBP framework. The methodology does not rely on subdomain size and does not require the same SBP operator to be used in each domain. In principle, a finite-difference operator of any order, as well as spectral operators on subdomains of arbitrary size, can be linked together in a stable manner. Practical details on how to chose σ 1 through σ 4 are included in the results section (Section 6).
In section 2, we presented the general form of second-derivative operators appropriate for this work. We then noted two specific derivative operators that satisfy this form. We now show that both choices for the matrices R l (and R r ) suggested in section 2 satisfy conditions (3.4) and (3.5) of Theorem 3.1. We start with the first option (i.e. R l = Q l P −1 l Q l ). In this case, the first derivative matrix in (3.2) is
w h e rew eh a v eu se dt h eS B Pp rope rt yQ + Q T = D, and have ignored the physical boundary contribution.
We recall now that P l ≥ (∆x)p l so that
Thus, (3.4) is satisfied with α l =(∆x)p l . A similar result holds for R r with α r =(∆x)p r . The second choice presented in section 2 for the second-derivative operator P −1 R l is of the form of equation (2.3):
For the purpose of proving stability, we relate the two matrices D l = S. (In actuality, only the first and last rows satisfy D l = S. They are, however, the only portions of the matrices that enter the proof.)
Thus, (3.4) is satisfied with α l =(∆x) m.
4. Conservation at the Interface. The Lax-Wendroff theorem [12] addresses the complexities encountered in solving nonlinear conservation laws. The theorem states that a convergent numerical approximation U l (x, t), computed with a consistent and conservative method, converges to a weak solution of the conservation law. Note that discrete conservation is necessary to satisfy the conditions of the theorem.
A heuristic definition of conservation (commonly encountered by practitioners) describes how the numerical flux function "telescopes" across a domain to the boundaries. The total quantity of a conserved variable in any region changes only as a result of the flux through the boundaries of the region. We, however, rely on a broader definition of conservation motivated by the original proof of the Lax-Wendroff theorem. We demand that the numerical flux telescope across the domain, and that all moments of the flux against an arbitrary test function telescope across the domain. This additional constraint demands an equivalence between the weak forms of the continuous and discrete operators.
We begin by discussing conservation in a single domain. Consider the nonlinear equation U t + F x =0 on −1 ≤ x ≤ 1a n dt ≥ 0. Note that in the linear case F = aU and we obtain (3.1) with ǫ =0 . T o obtain the weak form of this equation we multiply by an arbitrary test function φ(x, t) that vanishes on the boundaries. By integrating with respect to space and time we obtain an integral statement of the original differential equation:
Now consider the semidiscrete equation given by P U t + QF = 0. Here, we have replaced the spatial derivative F x in the continuous case with an SBP derivative operator of order (∆x) r . By multiplying by the discrete vector φ(x j )=φ T (the discrete analog of integration) and integrating with respect to time, we obtain
Thus, the semi-discrete operator satisfies a weak form similar to that of the continuous operator, and asymptotically approaches the continuous operator in the limit of infinite spatial resolution. The special form of the P and Q matrices present in the SBP operators enables the semidiscrete operator to mimic the conservation property of the continuous operator.
The equivalence between the continuous and semi-discrete operators is more more complicated for multiple domains. The conservation property of the SBP operator does not necessarily apply at an interface boundary. Under very mild restrictions, however, the SBP interface operators telescope out to the physical boundaries, as does the continuous operator. Because conservation is only necessary for the advection terms in the advection-diffusion equation, we set ǫ = 0 (see equation
T is defined in the left domain at the points
and e li =[ 0 , ..., 0, 1] T is of dimension M , with similar definitions on the right domain. The discretization is conservative provided that the stability conditionσ 3 =σ 1 − 1 is satisfied.
PROOF: For multiple domains, we proceed as shown previously in the single-domain case. Multiplying equations (4.1) by the vectors φ T P l and φ T P r , respectively, yields the set of equations
Using the properties of Q l and Q r we get
By integrating with respect to time and making use of the fact that φ is continuous at the interface, we get
Obviously, the conditionσ 3 =σ 1 − 1 eliminates the interface terms from the expression and leaves the desired weak form of the semidiscrete equation. Thus, the theorem is proved.
Accuracy of Boundary Conditions.
A significant obstacle in dealing with high-order finitedifference schemes is the formulation of stable stencils near the boundaries. A uniformly high-order approximation should be maintained if possible up to the boundary. In most high-order formulations, ensuring uniform accuracy up to the boundaries is difficult when numerical stability must be maintained. Fortunately, Gustafsson [13] showed that difference approximations to mixed hyperbolic parabolic equations admit global design accuracy when a finite number of points (independent of N ) are closed with stencils that are less accurate by 1 order. For example, a fourth-order interior discretization will asymptotically recover fourth-order L 2 accuracy with third-order closures near the boundaries.
In this section, we confirm that the physical boundary conditions must be imposed with at least the design accuracy in the context of interface boundary conditions. We begin by inspecting equation (3.2) and by defining the truncation error as that error committed by substituting the exact solution into the scheme. Denote by V l and V r the projection of the exact solution in the two domains. Substituting the exact solution into the first equation in (3.2) yields
with a similar expression in the right domain. The differentiation matrices are accurate to the design order of the method. Thus, the first three terms to the right of the equality, reduce to the truncation error of the spatial approximation. (Except for a finite number of points that are lower by 1 order near the interfaces and the physical boundary). Examining the truncation error from the penalty terms, we observe that V is smooth across the interface, and V li − V ri = 0. Thus, we only need that D l V lx=x i and D r V rx=x i approximate the first derivative to the design order of accuracy. The exact nature of the solution error near the boundaries is extremely complicated due to the points treated less accurately in that vicinity. More details will be presented in a future work on this subject. We show by numerical example, however, that order reduction occurs when the interface derivative is treated with less than design accuracy. (See Table 5 ).
Uniform Grid
.. Now we demonstrate that the physical boundary conditions must be imposed with accuracy of at least design order to maintain global design accuracy. This condition is a natural consequence of the overall dependence of the solution on the boundary conditions. The test problem we use is the Burgers' equation
with the exact solution
The solution of (5.1) requires imposition of boundary conditions at each end of the physical domain. We choose Robin boundary conditions of the form αu(−1,t) − β ∂u ∂x
such that the problem is mathematically well-posed. (See Hesthaven and Gottlieb [2] for the constraints on α, β, γ, and δ). The physical boundary conditions were imposed in penalty form, as described in the work of Hesthaven and Gottlieb [2] . The time-advancement scheme is the five-stage fourth-order low-storage Runge-Kutta scheme. The time step was chosen to ensure that the temporal error in the formulation was small relative to the spatial error. The simulation is run to a physical time of T = 1, and the viscosity is determined by the value ǫ =51 0 −1 . Tables 1 to 4 show the results of a grid-refinement study on a single domain with a fourth-order explicit interior scheme. The accuracy of the boundary closure and of the physical boundary condition are parameters in the study. Table 2 shows the results of the refinement study with a uniformly fourth-order-accurate scheme (4,4-4-4,4) with the derivative term in the Robins' boundary conditions approximated to O(∆x 4 ). We note that the convergence rate in Table 1 is fourth order and that the design accuracy is achieved. We note that the convergence rate in Table 2 asymptotes to fourth order and that the absolute levels of error are comparable to those obtained using the (4,4-4-4,4) scheme. Again, design accuracy is achieved. Table 3 shows the third study, in which boundary closure accuracy is relaxed by two orders. The resulting scheme (2,2-4-2,2) is second order locally at each boundary and fourth order in the interior. (Only the viscous terms are reduced by two orders of accuracy near the boundaries.) The physical boundary condition is still approximated to O(∆x 4 ).
We note that the convergence rate in Table 3 asymptotes to third order, which is a reduction in global accuracy of one order. This behavior is consistent with Gustafsson's [13] theory, specifically, that global solution accuracy allows a finite number of stencils to be reduced by one order of accuracy. Table 4 shows the final study, in which boundary closure accuracy is uniformly fourth-order accurate (4,4-4-4,4) . The physical boundary condition is approximated to O(∆x 3 ), however. The convergence rate in Table 4 asymptotes to third order, which is a reduction in global accuracy by one order. This series of tests on the single domain indicates the need to impose the physical boundary condition with design accuracy. However, closing the near boundary stencils with an accuracy that is one order less than the design interior accuracy appears to be sufficient. A similar conclusion was reached with a second-order-accurate scheme (1-2-1) and second-order physical boundary conditions. We now demonstrate by numerical example that these results generalize to the case of multiple domains. Table 5 shows a grid-refinement study that compares one and eight spatial domains. The numerical test problem is the previously described Burgers' equation using a value of ǫ =1 0 −2 . The numerical scheme used in both cases is the (3,3,3,3-4-3,3,3,3 ) scheme with physical boundary conditions imposed to an accuracy of We note that the convergence rate in Table 5 asymptotes to fourth order, for both the one-and eightdomain cases. This example demonstrates that design accuracy is achieved with multiple domains so long as the physical boundary conditions are imposed with design accuracy and the numerical closures near the interfaces are at most one order of accuracy less than the design accuracy of the interior scheme. Figure 1 shows the solution at four different times. The "symbols" at the top of the figure show the positions of the 11 interface points.
The profiles are smooth and monotone for this discretization. Figure 2 shows the logarithm of the solution error plotted as a function of space on the sequence of five grids.
This problem demonstrates the stability and accuracy of the new interface treatments. The discretizations asymptote to a convergence rate of sixth order on the sequence of grids. Table 6 shows the convergence rate of the calculations, for two different values of the parameter ǫ. The steep gradients are resolved to high-order on all grids for ǫ =1 0 −2 .F o rǫ =21 0 −3 , the two coarsest grids are not yet achieving high-order accuracy, and two-point grid oscillations exist in the solution. Further reduction of ǫ causes numerical instability, emanating from the interface location, as the gradients pass the interface. Increasing the robustness of the interface conditions for marginally resolved/discontinuous cases is the focus of current research.
6. Conclusions. We focus on high-order finite difference schemes, which satisfy the summation-byparts (SBP) discretization framework. We show stable and conservative interface treatments of arbitrary spatial accuracy for the linear advection-diffusion equation. Problems with multiple domains and abruptly changing mesh sizes are considered. where
, and the boundary matrix defined in equation (3.7) is defined by
The stability of this matrix is easier to analyze if it is rotated with a similarity transformation. Define the new vectorŵ = Sw such that:
The similarity rotation matrix has the property S T = S −1 as can easily be verified. The rotation matrix S can be used to transform the stability condition defined by equation (3.6) into the following equivalent condition:
To ensure negative definiteness, every sub-matrix in the matrixM i must be negative definite. We observe by inspection that (σ 1 + σ 3 ) ≤ 0 is a necessary condition. Analyzing the 2x2 sub-matrices along the diagonal, we obtain the necessary conditions (−σ 1 + σ 3 + a) = 0, and ǫ(−σ 2 + σ 4 − 1) = 0. Substituting the equalities (−σ 1 + σ 3 + a)=0a n d( −σ 2 + σ 4 − 1) = 0 into the matrixM i yields:
A symmetric matrix can be rotated into diagonal form by an orthogonal matrix, making the condition of negative semi-definitenessŵ
whereÛ is the orthogonal matrix that satisfiesÛ T D iÛ =M i . Pre-and post-multiplication ofM i by suitable rotation matrices M λ = R 1 TM i R 1 , yield the equivalent condition
The matrix R 1 , chosen to yield a diagonal expression for the matrix M λ is
with
The diagonal elements of M λ are
These eigenvalues must be less than or equal to zero to ensure stability of the interface condition. The resulting condition of stability is
Combining this expression with the constraints σ 3 = σ 1 −a and σ 4 = σ 2 +1 yield the conditions of THEOREM 3.1.
Appendix II. Stencils. We now present the specific form of the stencils that satisfy the SBP stability requirements, and the accuracy requirements shown necessary in the previous numerical study. At second order, the discretization matrix for the advection terms that satisfy the constraint
The discretization matrix for the diffusion terms that satisfies the constraint The matrix R is too complicated to report here but can be shown to be positive definite. This numerical scheme is referred to as (3,3,3,3-4-3,3,3,3) , which denotes the fact that the four points nearest to the boundary are closed with third-order formulas.
The sixth-order discretization that satisfies the SBP constraints was originally derived in the work of Strand [8] . The coefficients r1, r2, and r3 below are different from those proposed by Strand and are chosen so that the resulting discretization A 1 = P −1 Q has the standard six-point fifth-order stencil at the first grid point. This choice produces remarkably good stability characteristics at the boundary. The coefficients are r1=−3.6224891259957 (.18) The matrix R is too complicated to report here but can be shown to be positive definite.
